Introduction and Results

Hayman proved the following Theorem A.
Theorem A see 1 . If f z is a transcendental entire function, n ≥ 3 is an integer, and a / 0 is a constant, then f z − af z n assumes all finite values infinitely often. What can we say about Ψ 2 z when n 2? We consider this question and obtain the following Theorems 1.5 and 1.6. 
Proof of Theorem 1.1
We need the following lemmas. 
Proof. Suppose that Ψ n z − b p z , where p z is a polynomial. Then
By Lemma 2.2, for each ε > 0, we have
where σ σ f . By an identity due to Valiron-Mohon'ko see 10, 11 , we have
2.5
This contradicts the fact that n ≥ 3. Hence Ψ n z − b is transcendental. 
Proof. Suppose that
Integrating 2.8 results in f z n dp z exp q z , 2
Abstract and Applied Analysis where d / 0 is a constant. Therefore, by 2.6 , 2.9 , and the definition of Ψ n z , we obtain
and so
We must have ad 1 / 0. In fact, if ad 1 0, then by 2.11 and d / 0, we have that
so f z is periodic. Then, write 2.8 as
where
Clearly, R z / ≡ 0 and σ R ≤ σ p < σ f . We obtain from 2.12 and 2.13
2.15
If R z c −R z ≡ 0, then b 0 by 2.15 and R z / ≡ 0. Thus, by 2.12 , we have f z c ≡ f z , which contradicts our condition. If R z c − R z / ≡ 0, then by 2.15 , we have
This is also a contradiction. Hence ad 1 / 0. Differentiating 2.11 , and then dividing by f z result in
2.17
Therefore, by Lemma 2.1, we get that 
for all r outside an exceptional set of finite logarithmic measure.
We are now able to prove Theorem 1.1. We only prove the case σ f > 0. For the case σ f 0, we can use the same method in the proof. Suppose that b ∈ C and λ Ψ n z − b < σ f . Then, by Lemma 2.3, we see that Ψ n z − b is transcendental. Thus, Ψ n z − b can be written as
where q z / ≡ 0 is a polynomial, p z / ≡ 0 is an entire function with σ p < σ f . Differentiating 2.22 and eliminating exp{q z }, we obtain
By Lemma 2.4, we see that P z, f / ≡ 0. Since n ≥ 3 and the total degree of Q z, f as a polynomial in f z and its shifts, deg f Q z, f 1, by 2.23 , Lemma 2.5, and Remark 2.6, we obtain that for δ < 1 for all r outside of an exceptional set of finite logarithmic measure. This is a contradiction. Hence Ψ n z −b has infinitely many zeros and λ Ψ n z −b σ f , which proves Theorem 1.1.
Proof of Theorem 1.5
We need the following lemma. where α / 0 is a constant, k ≥ 1 is an integer satisfying σ f k, and g z , g 1 z are entire functions such that g z g 1 z / ≡ 0, σ g < k, σ g 1 k − 1.
